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It is known that a massive charged scalar field can trigger a superradiant instability in the back-
ground of a Kerr-Newman black hole. In this paper, we present a numerical study of such an
instability by using the continued fraction method. It is shown that for given a black hole, the un-
stable scalar mode with a specific azimuthal index m only occurs in a finite region in the parameter
space of the scalar field. The maximum mass of the scalar cloud is exactly the upper bound of
the mass of the unstable modes. We show that due to the electromagnetic interaction between the
scalar field and the Kerr-Newman black hole, the growth rate of the instability can be 15.7% larger
than that of a scalar field in Kerr spacetime of the same rotation parameter. In addition, we find a
maximum value of the growth rate τ−1 = 1.788× 10−7M−1, which is about 4% larger than that in
the Kerr case.
I. INTRODUCTION
In their pioneering work, Regge and Wheeler showed
that a Schwarzschild black hole remains stable under a
small nonspherical perturbation [1]. Since then, the is-
sue of black hole stability has played a crucial role in
general relativity [2–7]. It is well established that a Kerr-
Newman back hole, the most general asymptotically flat
solution in the Einstein-Maxwell theory [8], is stable un-
der (non)-linear massless perturbations [9, 10]. However,
the Kerr-Newman black hole may be unstable due to the
”black hole bomb” effect, proposed by Press and Teukol-
sky in [11], in which the black hole mass and charge could
be extracted by a charged scalar field through the super-
radiance mechanism [12]. Consider a scalar wave of the
form e−iωt−imφ incident on a Kerr-Newman black hole
of mass M , electric charge Q, and angular momentum
J = aM . If the frequency satisfies the superradiant con-
dition [13]
ω < ωc ≡ ma+ qQr+
r2+ + a
2
, (1)
where q is the electric charge of the scalar field, then the
scattered wave is amplified. According to the law of con-
servation of energy, the extra energy of this process comes
from the black hole. If the scalar field has a nonzero
mass, then it can form bound states in the vicinity of
the black hole. Bound states in the superradiant regime
(1) can extract the rotational energy from the black hole
repeatedly, triggering a superradiant instability in the
background. For a recent review of superradiance, see
Ref. [14].
The superradiant instability of massive scalar fields
on the Kerr(-Newman) black hole background has been
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studied in many contexts. It was shown more than forty
years ago that the Kerr-Newman black hole is unstable
under a massive charged scalar perturbation [12]. The
growth rate of the unstable modes for massive (neutral)
scalar fields around a Kerr black hole has been studied in
the regime µM  1 and µM  1, where µ is the mass
of the scalar field [15, 16]. In Ref. [17], Furuhashi and
Nambu computed the bound state frequencies analyti-
cally in the regime µM  1, qQ  1, and numerically
in the regime ω ∼ µ. Then, Dolan studied the superradi-
ant instability for a massive (neutral) scalar field around
a Kerr black hole for arbitrary values of µM , using the
continued fraction method [18]. Besides, many authors
have studied the extremal black hole bomb analytically
[19, 20].
Recently, some of us studied the charged massive scalar
clouds around a Kerr-Newman black hole [21]. It was
pointed out that for a given value ofm, the necessary con-
ditions for the superradiant instability are fulfilled only
in a finite region in the parameter space of the scalar
field. One of the motivations of this paper is to con-
firm the prediction that the instability only occurs in
the finite region. To this end, we compute the bound
state spectrum in the whole unstable region. Further-
more, this paper also aims to compute the accurate up-
per limits for the growth rate of the unstable modes. In
the neutral case [22], Dolan found a maximum growth
rate for a = 0.997M , l = m = 1, and µM = 0.45, with
τ−1 ≡ ωI = 1.72× 10−7M−1. At this point, it is natural
to ask: (i) whether the instability could be enhanced by
introducing the electromagnetic interaction between the
scalar field and the black hole? (ii) If enhanced, then
what is the maximum growth rate? To the best of our
knowledge, these issues have not been addressed.
The paper is organized as follows. In Sec. II we de-
scribe the basic equations and boundary conditions of
the eigenvalue problem for the bound states of a massive
charged scalar field in Kerr-Newman spacetime. Next,
in Sec. III, we derive the necessary conditions for the
bound states and the superradiant instability. In Sec. IV,
we describe the continued fraction method to compute
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2the bound state spectra. Then, the main results are
presented in Sec. V. Finally, we conclude in Sec. VI.
Throughout the paper, we use the units in which G =
h¯ = c = 1.
II. SCALAR FIELD IN KERR-NEWMAN
SPACETIME
We consider a massive charged scalar field, Ψ, with
mass µ and charge q, propagating in the background of
a Kerr-Newman black hole. In Boyer-Lindquist coordi-
nates, the line element of the background spacetime reads
ds2 =− ∆
ρ2
(
dt− a sin2 θdφ)2 + ρ2
∆
dr2 + ρ2dθ2
+
sin2 θ
ρ2
[(
r2 + a2
)
dφ− adt]2 , (2)
with ρ2 ≡ r2 + a2 cos2 θ, and ∆ ≡ r2 − 2Mr + a2 + Q2.
The Kerr-Newman black hole has two horizons:
r± = M ±
√
M2 − a2 −Q2. (3)
When the rotation parameter a is fixed, the maximum
charge of the Kerr-Newman black hole is given by
Qmax ≡
√
M2 − a2. (4)
When Q = Qmax, the black hole becomes extremal and
we have r+ = r−. The background electromagnetic po-
tential is
Aα =
(
−Qr
ρ2
, 0, 0,
aQr sin2 θ
ρ2
)
. (5)
The propagation of a massive charged scalar field in
curved spacetime is described by the Klein-Gordon equa-
tion
(∇α − iqAα) (∇α − iqAα) Ψ = µ2Ψ. (6)
Substituting the decomposition
Ψ =
∑
lm
Rlm(r)Slm(θ)e
imφe−iωt, (7)
into Eq. (6), we obtain the angular equation
1
sin θ
d
dθ
(
sin θ
dSlm
dθ
)
+
[
Alm + a
2(ω2 − µ2) cos2 θ − m
2
sin2 θ
]
Slm = 0,
(8)
and the radial equation
∆
d
dr
(
∆
dRlm
dr
)
+ URlm = 0, (9)
where
U =
[
ω
(
r2 + a2
)− am− qQr]2
+ ∆
[
2amω −Alm −
(
a2ω2 + µ2r2
)]
.
(10)
Here, Alm is the separation constant. If a
2(µ2 − ω2) <∼
m2, then Alm may be expanded as a power series
Alm = a
2(µ2 − ω2) +
∞∑
k=0
cka
2k(µ2 − ω2)k. (11)
where c0 = l(l+1) and other coefficients ck may be found
in [23, 24]. Beyond this regime, one can compute the
angular eigenvalue Alm numerically with the continued-
fraction method [25].
Near the event horizon r = r+, the radial function
behaves as
Rlm(r → r+) ∼ e±i(ω−ωc)r∗ , (12)
where the minus sign describes the ingoing wave at the
horizon, which is the physically accepted solution, and
the tortoise coordinate r∗ is defined by
dr∗
dr
≡ r
2 + a2
∆
. (13)
At spatial infinity, the asymptotic solution of the radial
equation (9) reads
Rlm(r →∞) ∼ rχ−1ekr, (14)
where
χ =
M(µ2 − 2ω2) + qQω
k
, (15)
and k = ±
√
µ2 − ω2. The choice of sign for k deter-
mines the behavior at infinity. The well-known quasi-
normal modes (QNMs) correspond to Re(k) > 0, which
describes purely outgoing waves at infinity. In this pa-
per, we are interested in the bound state solutions, which
decay exponentially at infinity (Re(k) < 0).
The radial equation (9), together with the boundary
conditions discussed above, becomes an eigenvalue prob-
lem for ω and only a discrete set of complex frequencies
(expressed by ω = ωR + iωI) is allowed. The imaginary
part ωI sets the growth (ωI > 0) or decay (ωI < 0) rate
of the amplitude of the scalar field.
III. THE REGIME OF SUPERRADIANT
INSTABILITIES
The existence of bound states (and possibly, the un-
stable modes) is guaranteed by the binding potential well
outside the black hole. In our previous work, we analyzed
the effective potential of the radial function, and found
3that the necessary condition for the bound state is (see
[21] for details),
f(µ, q) < ω < µ, (16)
where
f(µ, q) ≡ qQ
4M
+
√
µ2
2
+
q2Q2
16M2
. (17)
Bearing in mind the superradiance condition ω < ωc,
one obtains the necessary conditions for the superradiant
instability:
f(µ, q) < ω < ωc < µ, (18)
or
f(µ, q) < ω < µ < ωc. (19)
Note that, when m ≤ 0, the two inequalities can not
be satisfied, which implies that there is no unstable mode
in this case. For a positive m, inequalities (18) and (19)
form a closed region in the parameter space of the scalar
field1. The superradiant instability is expected to appear
in this region.
IV. THE EIGENVALUE PROBLEM FOR
QUASIBOUND STATES
In this paper, we apply the continued fraction method
[25] to compute the bound state frequencies. Solutions
of Eq.(9) satisfying the ingoing wave condition at the
horizon and decaying exponentially at infinity admit the
following series expansion
Rlm(r) = (r − r−)χ−1 ekr
∞∑
n=0
an
(
r − r+
r − r−
)n−iσ
, (20)
where
σ =
(
r2+ + a
2
)
(ω − ωc)
r+ − r− . (21)
Substituting Eq.(20) into Eq.(9) yields a three-term
recurrence relation for the coefficients an,
α0a1 + β0a0 = 0, (22)
αnan+1 + βnan + γnan−1 = 0, n > 0, (23)
where
αn = n
2 − (c0 − 1)n− c0, (24)
βn = −2n2 − 2c1n− c2, (25)
and
γn = n
2 − c3n− c4. (26)
Coefficients c1, c2, c3 and c4 are given by
c0 = −1 + 2iω − iqQ+ 2i
b
(
ω − am+ qQ+ ωQ
2
2
)
, (27)
c1 = −c0 − (1 + 2b)k + ω(ω − qQ)
k
, (28)
c2 = Alm + (b+ 1)
2k2 +
(−2b+Q2 − 2)ω2 + 2ω((b+ 1)qQ+ i)− iqQ− (c1 + c0 + 1 + iqQ− 2iω)c0, (29)
c3 = 1 + c0 +
2
(
µ2 + qQω − 2ω2)
k
, (30)
and
c4 = (k + iω)(k + iω − iqQ)
(
2iω − iqQ
k
− 1 + c0 + c3
2k
)
. (31)
1 A plane spanned by the mass µ and charge q of the scalar field.
We also refer to it as the (µ, q) plane in this paper.
Here, b ≡
√
1− a2 −Q2. Note that in Eqs. (27)-(31),
we take M as scale such that all physical quantities are
dimensionless in these equations. It is easy to check that
4when Q = 0, our expressions for αn, βn, and γn reduce
to those in Ref. [18]. Then, the ratio of successive an is
given by an infinite continued-fraction
an+1
an
=
−γn+1
βn+1−
−γn+2
βn+2−
−γn+3
βn+3− · · · . (32)
Evaluating (32) at n = 0 and substituting into Eq.(22),
we obtain the characteristic equation for the bound state
frequency
0 = β0 − α0γ1
β1−
α1γ2
β2−
α2γ3
β3− · · · . (33)
Then the bound state frequency is obtained by minimiz-
ing the absolute value of the right side of this equation.
V. RESULTS
We have computed the quasibound state frequencies
numerically via the continued fraction method, and the
main results are summarized in Figs. 1-5. In these plots,
we exhibit the properties of the quasibound state spec-
trum in the parameter space of the scalar field. Here,
we are interested in the most unstable modes. Hence, we
only display the results for l = m = 1 and n = 0, where
n is the excitation number.
A. Neutral scalar field
A massive scalar field in Kerr-Newman spacetime has
a rich spectrum. We first consider a neutral scalar field.
Figure. 1 shows the effects of Q on the quasibound state
(l = m = 1) frequency, where the rotation parameter of
the black hole is fixed as a = 0.9, 0.99, 0.997M from left to
right. Firstly, the plot shows clearly that the instability
(ωI > 0) always happens within the superradiant regime,
0 < ωR < ωc. Second, for given values of a and Q,
the growth rate ωI peaks at some µM . In general, the
peak value of ωI does not vary monotonously with Q.
For example, when a = 0.99M we find a peak value of
ωIM ≈ 1.68× 10−7 for Q/Qmax ≈ 0.8 and µM ≈ 0.448.
However, if a >∼ 0.997, the peak value of ωI is decreased
as Q grows. Hence, for a neutral scalar field in the Kerr-
Newman background, the greatest growth rate occurs at
a = 0.997M , Q = 0, and µM = 0.45, with ωIM = 1.72×
10−7, which is in consistent with the result in Ref. [22].
B. Charged scalar field
As discussed in Sec. III, for a charged scalar field,
the superradiant instability only occurs in the region de-
termined by conditions (18)-(19). This is confirmed in
Fig. 2, where the mass and charge dependence of MωI
are displayed. Two auxiliary reference lines are also plot-
ted for making up the boundary of this region:
(a) f(µ, q) = µ (red solid). Using the definition of f(µ, q)
in Eq.(17), we find that this line simply gives
µM = qQ. (34)
This is the threshold line for quasibound states.
Above this line, no bound state can be found since
the bound state condition (16) can not be satisfied in
this case. Note that in Ref. [17], the authors found a
condition for the bound state to exist, i.e., µM > qQ.
According to their analysis, this condition only works
in the small coupling parameters approximation, i.e.,
|qQ|  1 and µM  1. However, from inequality
(16), we conclude that this condition is also valid for
large coupling parameters.
(b) f(µ, q) = ωc (black dashed). This is a branch of
hyperbolic curve in the (µ, q) plane
qQ =
AB +
√
A2 + 8(B2 − 1)M2µ2
B2 − 1 , (35)
where
A = 4mMΩH , B = 1− 4Mr+
r2+ + a
2
. (36)
Below this line we have ωc < f(µ, q), which implies
that no unstable modes could be found in this case,
since the quasibound state condition (16) is not com-
patible with the superradiance condition.
Figure. 2 shows that, as expected, the superradiant
instability happens only in the region between lines (a)
and (b). Note that inequalities (18)-(19) are merely nec-
essary conditions. Thus, the unstable region2 does not
fully cover the region surrounded by lines (a) and (b).
The exact onset curve (the dotted line in Fig. 2) of the
superradiant instability can be obtained from the numer-
ical method used in [21, 26]. Each point on the onset
curve corresponds to a stationary state, with ωR = ωc
and ωI = 0. This is the so-called scalar clouds [21, 26–
32]. As is shown in [21], the onset curve has two end-
points, i.e, P1 and P2 in the plot, which determine the
mass (and charge) range of the scalar cloud. It is found
that P1 is the intersection of lines (a) and (b), and P2 is
the intersection of line (b) and the q-axis. By definition,
coordinates of points P1 and P2 are respectively given by
(µ1, q1) =
(
ma
Mr+ −Q2 ,
mMa
Q(Mr+ −Q2)
)
, (37)
and
(µ2, q2) =
(
0,− ma
Qr+
)
. (38)
2 By ”unstable region” we mean the region in which the superra-
diant instability (ωI > 0) happens.
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FIG. 1. Bound state spectrum of a neutral scalar field (l = m = 1) for different values of a and Q. The rotation parameters of
the black hole are a = 0.9, 0.99, 0.997M , from left to right. The plot shows clearly that the instability ωI > 0 occurs when the
superradiant condition 0 < ωR < ωc is satisfied.
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FIG. 2. The dependence of the mass µ and charge q on the
imaginary part ωI of the quasibound state frequency, with
Q = 0.2M , a = 0.9M , and l = m = 1. The plot con-
firms that superradiant instability only happens in the re-
gion determined by inequalities (18)-(19). The plus sym-
bol represents the location of the most unstable mode, i.e.,
(µM, qM) ≈ (0.282,−0.264), with ωIM ≈ 2.243× 10−8.
From Fig. 2, we see that the onset curve and line (a) make
up the boundary of the unstable region. Hence, points
P1 and P2 also determine the upper and lower bound of
the mass (charge) of the unstable modes, respectively.
To validate that the instability we have found is indeed
caused by superradiance, we present the full spectrum in
the unstable region in Fig. 3. The plot shows clearly that
the superradiance condition ωR < ωc is always satisfied
in the unstable region.
Let us now consider the maximum growth rate of the
unstable modes. From Fig. 2 and the right panel of Fig. 3,
we see that for a given m and fixed background param-
eters {a,Q}, ωI has a peak value inside the unstable re-
gion. We have computed the bound state frequencies for
a wide range of the black hole parameters. As in the
Kerr case, the instability turns out to be most significant
for l = m = 1 and 0.99 ≤ a/M ≤ 0.999. For each pair
of {a,Q}, we search the peak value of ωI and the corre-
sponding values of qQ and µM . It is found that when
a >∼ 0.997M , the peak value of ωI is decreased as Q
grows. However, when a <∼ 0.997M , the peak value of ωI
does not vary monotonously with Q. The typical results
are illustrated in Fig. 4, which shows the peak value of
ωI (left panel) and the corresponding qQ and µM (right
panel) as a function of Q for different values of a. The
plot shows that when a = 0.99M , the peak value of ωI
is greatest at Q = 0.1105M , with ωIM = 1.736 × 10−7,
qQ = −0.07 and µM = 0.397. As mentioned before, the
peak value of ωI decreases as Q grows for a = 0.997M .
However, this does not mean that the greatest instability
is achieved by setting Q = 0. From the right panel of
Fig. 4, the coupling qQ tends to a constant when Q→ 0.
If Q is too small, the q would be very large. This is il-
lustrated quantitatively in Table. I. For this reason, the
largest imaginary part of the frequency we can quote is
ωIM = 1.788×10−7, for a = 0.997M , 0 < Q/M <∼ 10−3,
qQ = −0.0757, and µM = 0.398.
C. Comparison with analytic results
In the small coupling parameters limit, i.e., qQ  1
and µM  1, the imaginary part of the bound state
frequency is well approximated by [17]
ωI ≈ µδν
i
2
n˜3
∼ µ 2l+3, (39)
where  = µM − qQ, n˜ = l+n+ 1, and the explicit form
of δν is given by Eq.(24) in Ref. [17]. For large values of
|qQ| and µM , Eq. (39) become less accurate. However,
we find that Eq. (39) can still give an excellent estimation
for the quasibound state frequency for µM ∼ |qQ| ∼ 1,
provided  is small enough.
Figure 5 compares the numerical and analytical results
of ωI as a function of qM for a = 0.9M , Q = 0.2M ,
6FIG. 3. Frequency spectrum of the bound state in the unstable region. Parameters in this plot are the same as those in Fig. 2.
Left panel: the dependence of the dimensionless mass µM and charge qM on (ωc − ωR)M . Right panel: the imaginary part
ωI as a function of µM and qM . This plot shows inside the unstable region, the superradiance condition ωR < ωc is satisfied,
and ωI > 0.
TABLE I. Several examples of the most unstable modes in the limit Q/M  1 for a = 0.997M and l = m = 1.
Q/M 0.00001 0.0001 0.001 0.002 0.004 0.006
−qQ 0.075668 0.075667 0.075655 0.075648 0.075646 0.075643
µM 0.398160 0.398163 0.398186 0.398202 0.39822 0.398247
ωIM (10
−7) 1.788169 1.788169 1.788159 1.788131 1.788016 1.787822
l = m = 1 and n = 0. An overall observation is that
the deviation between the numerical and analytical re-
sults increases with the absolute value of qQ. Even in-
side the unstable region, such deviation is significant:
the maximum growth rate obtained numerically is about
86% larger than the one obtained from Eq. (39). How-
ever, as the charge q increases to approach the threshold
condition qQ = µM , one finds a good agreement be-
tween the numerical and analytical results. Meanwhile,
the scalar field becomes long-lived, since the growth rate
tends to zero in this limit. Similar observation has been
made for charged scalar and Dirac fields around Reissner-
Nordstro¨m black holes [33–35].
VI. CONCLUSION
In this work, we have performed a detailed analy-
sis of the superradiant instability of massive charged
scalar field in Kerr-Newman spacetime. We confirmed
the statement in [21] that for given values of {m, a,Q},
the superradiant instability only occurs in a finite region
in the parameter space of the scalar field. For the first
time, we have computed the bound state spectrum in
the whole unstable region, and found that the maximum
mass of the scalar cloud is exactly the upper bound of
the mass of the unstable modes, see Figs. 2-3.
Furthermore, we have also shown that inside the unsta-
ble region, there is a peak value of ωI , which corresponds
the most unstable mode for given values of {m, a,Q}. We
computed the peak values of ωI for a range of black hole
rotation 0.99 ≤ a/M ≤ 0.999, and the black hole charge
Q/M > 10−5. Among the most unstable modes we have
computed, we found a maximum value of the imaginary
part ωIM = 1.788× 10−7 for l = m = 1, µM = 398, and
qQ = −0.0757, see Fig. 4 and Table. I. As expected, the
superradiant instability can be increased by introducing
the electromagnetic interaction between the scalar field
and black hole. For example, when a = 0.99M , Dolan
found a maximum growth rate τ−1 = 1.5× 10−7M−1 of
the l = m = 1 state at µM = 0.42 for a massive scalar
field in Kerr spacetime [18]. For the same rotation pa-
rameter a, we find that the most unstable mode occurs
for Q = 0.1105M , qQ = −0.07 and µM = 0.397, with
τ−1 = 1.736×10−7M−1. This is about 15.7% larger than
the maximum growth rate in the Kerr case.
Finally, what will be the final state of the instability
when nonlinear effects are taken into account? In Kerr
case, it turns out to be a rotating black hole embedded
in a massive bosonic field that orbiting around the black
hole, with the frequency precisely matches the horizon
angular velocity of the black hole [28, 36, 37]. Hence, we
expect that the end state of the superradiant instability
discussed above is a Kerr-Newman black hole with scalar
hair [38]. Perhaps a fully nonlinear analysis is required
to confirm this possibility.
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FIG. 4. The most unstable modes for l = m = 1. Left panel: The imaginary of ωI of the most unstable modes as a function
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FIG. 5. Comparison of numerical and analytical results of
the imaginary part of the frequency as a function of qM for
given Mµ with a = 0.9, Q = 0.2, l = m = 1, and n = 0.
In this plot, the dimensionless mass is fixed as Mµ = 0.282,
which is expect to give the maximum growth rate, as shown
in Fig. 2. The vertical dashed line gives the charge of the
stationary cloud, while the vertical solid line corresponds to
qQ = Mµ.
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